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Abstract. Weyl derivatives, Weyl-Lie derivatives and conformal submersions 
are defined, then used to generalize the Jones- Tod correspondence between self- 
dual 4-manifolds with symmetry and Einstein- Weyl 3-manifolds with an abelian 
monopole. In this generalization, the conformal symmetry is replaced by a partic- 
ular kind of conformal submersion with one dimensional fibres. Special cases are 
studied in which the conformal submersion is holomorphic, affine, or projective. 
All scalar-flat Kahler metrics with such a holomorphic conformal submersion, 
and all four dimensional hypercomplex structures with a compatible Einstein 
metric, are obtained from solutions of the resulting "affine monopole equations" . 
The "projective monopole equations" encompass Hitchin's twistorial construc- 
tion of selfdual Einstein metrics from three dimensional Einstein-Weyl spaces, 
and lead to an explicit formula for carrying out this construction directly. Exam- 
ples include new selfdual Einstein metrics depending explicitly on an arbitrary 
holomorphic function of one variable or an arbitrary axially symmetric harmonic 
function. The former generically have no continuous symmetries. 



Introduction 

The aims of this paper are threefold: firstly, to advertise the notion of a Weyl 
derivative both as a simple, but useful, tool in differential geometry, and also as 
an object of study in its own right; secondly, to apply this tool to the theory of 
conformal submersions, with particular attention to the case of selfdual conformal 
4-manifolds; and thirdly to give explicit constructions of selfdual Einstein metrics. 
The key discovery is a class of conformal submersions with one dimensional fibres 
which admit a holomorphic interpretation on the twistor space. This class includes 
the conformal submersions generated by conformal vector fields and provides a 



natural setting for a generalized Jones- Tod correspondence [15]. 

A Weyl derivative on a manifold M is nothing more than a covariant derivative 
on a real line bundle naturally associated to the differential geometry of M. Weyl 
derivatives can be used to define Lie derivatives along foliations with one dimen- 
sional leaves, generalizing the usual Lie derivative along a vector field. They also 
occur naturally in the geometry of conformal submersions. These two situations 
have in common the conformal submersions with one dimensional fibres, to which 
most of this paper is devoted. I focus in particular on the case that the total space 
is a selfdual 4-manifold M and define the notion of a selfdual conformal submer- 



sion. In Theorem I (4.6), the base B of such a submersion is shown to be not 



just conformal, but Einstein-Weyl, generalizing the Jones- Tod correspondence to a 
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context which also includes Hitchin's construction of selfdual Einstein metrics with 
Einstein- Weyl conformal infinity |13]. 

The central part of the paper deals with special cases of this construction. In 
Theorem II (4.11), shear- free geodesic congruences on B are shown to correspond 
to antiselfdual complex structures on M which are invariant with respect to the 
conformal submersion (i.e., the submersion is holomorphic) , and the hypercomplex 
structures and scalar-flat Kahler metrics arising in this way are identified (gener- 
alizing 1^, |ll|). In Theorem III ( [4.13 ), an antiselfdual complex structure is con- 
structed from a generic selfdual conformal submersion on a selfdual Einstein- Weyl 
4-manifold — for a selfdual Einstein metric with a Killing field, this reduces to the 
construction of Tod |22]. 

The notion of an affine conformal submersion is defined, characterized, and 
shown, in Theorem IV ( ^.2]) , to provide a method for constructing selfdual spaces 
from coupled linear differential equations, which will be called affine monopole 
equations. In Theorem V (5^), I show that the generalized Jones- Tod construc- 
tions for scalar-flat Kahler and hyperKahler metrics arise in this way — this includes 
LeBrun's construction of scalar flat metrics with Killing vector fields [0] and the 
construction of such metrics with homothetic vector fields |pT| , ^. The same ideas 
are applied to projective conformal submersions in Theorem VI ( |6.3D , giving pro- 
jective monopole equations. This time the differential equations are nonlinear: they 
are the SL(2,M) Einstein- Weyl Bogomolny equations. 

In the rest of the paper, I study conformal submersions on Einstein- Weyl spaces, 
especially selfdual Einstein and locally hypercomplex 4-manifolds. In Theorem 

VII ([7.2|), Hitchin's version of LeBrun's W-space construction of selfdual Einstein 
metrics is characterized amongst selfdual conformal submersions. In Theorem 

VIII ( |8.2| ), a larger class of selfdual conformal submersions is obtained, from pairs 
of compatible selfdual Einstein- Weyl structures. In Theorem IX ( |9.3D , selfdual 
Einstein metrics metrics with compatible hypercomplex structures are all found 
as affine conformal submersions over hyperCR Einstein- Weyl spaces. This special 
case of the Hitchin-LeBrun construction yields new selfdual Einstein metrics with 
no continuous symmetries. Finally, in Theorem X ( lO.lj ), an explicit formula for 
applying the Hitchin-LeBrun construction to any Einstein- Weyl space is given. 

The paper is organized as follows. In section Weyl derivatives and Weyl-Lie 
derivatives are introduced. Although it is possible to present some of the later 
results without this formalism, the proofs are simpler and more natural when one 
makes systematic use of the affine space of Weyl derivatives and the product rule 
for Weyl-Lie derivatives. Indeed, many of the results of this paper would have 
been impossible to find (for the author at least) without the geometric guidance 
provided by working in a gauge-independent way. In order to familiarize the reader 
with this language, I have presented a few simple applications of Weyl derivatives, 
and discussed carefully the Weyl-Lie derivative on natural bundles. The key formula 
from this section is the Weyl-Lie derivative of a torsion-free covariant derivative on 
a natural bundle. In section ^, after recalling basic facts from conformal geometry, I 
present another arrow in the Weyl geometer's quiver: the linearized Koszul formula. 
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In the third section, the notion of a conformal submersion is defined, but most 
of the local properties are studied within the more general framework of conformal 
almost product structures. I prove a simple proposition which shows that there 
is a canonically defined Weyl derivative in this setting, which will be called the 
minimal Weyl derivative. The main interest, however, is in conformal submersions 
with one dimensional fibres, which may be analyzed locally using the congruences 
and Weyl-Lie derivatives of section 0. I focus on this case for the second half of 
section ^ and characterize basic objects using the minimal Weyl-Lie derivative. 

The generalized Jones- Tod correspondence (Theorem I) is established in sec- 
tion ^. In an earlier version of this paper |^], my proof followed closely the proof of 
the "classical" Jones- Tod correspondence given in [^,0. However, Paul Gauduchon 
has recently obtained a cleaner proof by exploiting more thoroughly the isomor- 
phism between the bundle of antiselfdual 2-forms on the conformal 4-manifold M 
and the pullback of the tangent bundle of the 3-dimensional quotient B. This 
approach also has the advantage of integrating nicely with the fact that invariant 
antiselfdual complex structures on M correspond to shear-free geodesic congruences 
on 5 [0] , and so it is Gauduchon's proof that I follow here, adapted to the context 
of conformal submersions. 

This generalized Jones- Tod construction is difficult to apply, because the gen- 
eralized monopole equation and the defining equation for conformal submersions 
are both nonlinear. This difficulty is partially overcome in section |5| by studying a 
special case in which the construction linearizes: affine conformal submersions. In 
this case M is an affine bundle over B such that the nonlinear connection and rela- 
tive length scale induced by the conformal structure are affine. A characterization 
of such submersions is presented and the affine monopole equations are obtained. 
These linear differential equations give constructions of scalar-fiat Kahler and hy- 
perKahler metrics extending work of LeBrun |17| and Pedersen and myself 0. I 
illustrate this with some examples, taken from^j. The following section extends 
these ideas to projective conformal submersions. The projective monopole equa- 
tions are not linear, but they will play a crucial role in the final section. 

Several of the results in this paper were motivated by twistor theory. I explain 
this in section where I also prove that the Hitchin-LeBrun construction, defined 
twistorially in [1^, really is a special case of the generalized Jones- Tod correspon- 
dence, and this special case is characterized. The Hitchin-LeBrun construction, 
although simple from a twistor point of view, has always been notoriously difficult 
to carry out explicitly due to a lack of a direct construction: the known exam- 
ples are, to the best of my knowledge, those of 13, ^. The main result 



of the final portion of the paper is Theorem X, which reduces the Hitchin-LeBrun 
construction to an explicit formula for a selfdual Einstein metric in terms of an 
arbitrary Einstein- Weyl structure. Firstly, though, a special case, Theorem IX, is 
established using affine conformal submersions. A key tool here is the observation 
that two compatible Einstein- Weyl structures on a conformal manifold define a 
conformal submersion, and in four dimensions, this submersion is selfdual if the 
conformal structure is. This is proven in section ^. Theorem IX then character- 
izes all selfdual Einstein metrics admitting compatible hypercomplex structures. 
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Explicit examples, with no continuous symmetries, are given. They depend on an 
arbitrary holomorphic function of one variable. 

In the final section, a projective gauge transformation is applied to the affine 
monopoles of Theorem IX. The result is a canonical solution of the projective mono- 
pole equations which makes sense on any Einstein- Weyl space. In Theorem X, I 
show that the explicit metric given by the induced projective conformal submer- 
sion is Einstein. The resulting direct method for carrying out the Hitchin-LeBrun 
construction is illustrated by a family of selfdual Einstein metrics depending on an 
arbitrary axially symmetry harmonic function on M'^. 
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1. Weyl derivatives and Weyl-Lie derivatives 

If y is a real n-dimensional vector space and w any real number, then the 
oriented one dimensional linear space = L^{V) carrying the representation 
A^\det yll""/" of GL{V) is called the space of densities of weight w or w- densities. 
It can be constructed canonically as the space of maps p: {A"'V) \ — > M such that 
p{Xuj) = \X\-'"/''p{u) for all A G and u; G (A"F) \ 0. 

The same construction can be carried out pointwise on any vector bundle E to 
give, for each w gM, the oriented real line bundle whose fibre at x is L^{Ex)- 
Applying this to the tangent bundle gives the following definition. 

1.1. Definition. Suppose M is any n-manifold. Then the density line bundle 
L"" = L^j^ of M is defined to be the bundle whose fibre at a; G M is L'"{TxM). 
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Equivalently it is the associated bundle GL(M) XGL{n) L'^{n) where GL(M) is the 
frame bundle of M and L^{n) is the space of w-densities of M". 

The density bundles are oriented (hence trivializable) real line bundles, but there 
is no preferred trivialization. Sections oi L = may be thought of as scalar fields 
with dimensions of length. This geometric dimensional analysis may also be applied 
to tensors: the tensor bundle L"^ {TMy {T*M)^ (and any subbundle, quotient 
bundle, element or section) is said to have weight w + j — k, or dimensions of 
[length]'"^^-''. Note that L""^ U"^ is canonically isomorphic to ^nd L° is 

the trivial bundle. When tensoring a vector bundle with some L"' (or any real line 
bundle), I shall often omit the tensor product sign. Note also that an orientation of 
M may be viewed as a unit section of L'^A^T*M, defining an isomorphism between 
L""" and A"r*M. A nonvanishing (usually positive) section of (or for w ^ 0) 
is called a length scale or gauge (of weight w). 

1.2. Definition. A Weyl derivative is a covariant derivative D on L"*^. It induces 
covariant derivatives on for all w. The curvature of D is a real 2-form called 
the Faraday curvature. 

If F^ = then D is said to be closed. There are then local length scales fj, with 
Dn = 0. If such a length scale exists globally then D is said to be exact. Conversely, 
a length scale fj, induces an exact Weyl derivative -D^ such that D'^/x = 0. Note that 
j^cn _ jjti £qj, g^j-^y coustaut c ^ 0. Weyl derivatives form an affine space modelled 
on the linear space of 1-forms, while closed and exact Weyl derivatives are affine 
subspaces modelled on the linear spaces of closed and exact 1-forms respectively. 

A gauge transformation on M is a positive function e-^ which rescales a gauge 
/i G C°°(M, L^) to give e""-^ fi. It acts on Weyl derivatives hy e^ - D = e^ oDoe~f = 
D - df, so that e^ ■ D^" = D''^ for // G C°°(M, L^). If L» is any Weyl derivative, 
then D = + u>^ for the 1-form cj^ = fx^^D^, and consequently, oj^^^ = oj^ + df. 

On an oriented manifold, Weyl derivatives may be viewed as a generalization of 
volume forms, since the exact Weyl derivatives correspond to volume forms up to 
constant multiples. For instance, the divergence of a vector field X with respect 
to a volume form vol is defined by Cxvol = {div X)vol. In fact the divergence is 
naturally defined on vector field densities C°°{M, L~^TAI), and by twisting by a 
Weyl derivative D on L" one can define div^ X for vector fields. 

For another example, let Q G L?'I\?'T*M be a weightless 2-form on M^*" such 
that rj™ is an orientation. Then Q is nondegenerate and one would like to find a 
length scale /i such that ;U~^0 is symplectic. If 2m > 2 this may not be possible. 

1.3. Proposition, (cf. [|l^]) Let M be an n-manifold (n = 2m > 2) and let Q G 

L^A^T*M be nondegenerate. Then there is a unique Weyl derivative D such that 
d^Q is tracefree with respect to $1, in the sense that ^ d-^0(ei, e^, .) = 0, where 
Ci, e- are frames for L^^TM with r2(ej, e'j) = 6ij. 

Proof. Pick any Weyl derivative and set D = + 7 for some 1-form 7. Then 
d^^l = d^ r2 -|- 27 A and so the traces differ by 

2(7 A n){ei, e[, .) = 2-f{ei)n{e[, .) + 2-fie'^n{., a) + 27 ^{a, e[) = 2(n - 2)7. 
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Since n > 2 it follows that there is a unique 7 such that d^Q is tracefree. □ 

There are therefore two local obstructions to finding /x with = 0, namely 

c?^f2 and [jl8|. In four dimensions d^il automatically vanishes. In general if 
c?^r2 = then F^ = 0. In six or more dimensions this implies F^ = 0, so D is 
closed, but it need not be exact. In four dimensions, however, D need not even be 



closed. This construction is of particular interest in Hermitian geometry |23|. 

There is also a version of this in contact geometry. A contact structure on M is 
codimension one subbundle 7i of TM which is maximally nonintegrable, in the sense 
that the Frobenius tensor 17^: A^Tl — > TM/Ti is nondegenerate. In this context, 
one defines a (slightly generalized) Weyl derivative to be a covariant derivative on 
the real line bundle TM/TC. The following result is then obtained. 

1.4. Proposition. Let M,7i be a contact manifold. Then there is a bijection 
between complementary subspaces to 7i in TM and Weyl derivatives on TM/7i 
such that the horizontal part of F^ is tracefree with respect to Q.^ . 

Proof. Let r/.^ : TM — > TM/7i be the twisted contact 1-form whose kernel defines 
Ti. Then given any Weyl derivative D, one can define d^r]j^ and \i D = + 7 
then d^rj-f^ = d^ rj^ + 7 Ar/^. Note that d^r]-^\y^ is well defined, being equal to 
Since is nondegenerate, given D there is a unique complementary subspace 
(spanned by ^, say) such that d^7]^{^, 0=0 ^'^d such a complementary subspace 
fixes D up to 1-forms 7 with ??7^ A 7 = 0. 

Now note that \i D = + fi'^r]^ for a section fi of TM/Ti, then F^\^ = 
F^"\y_^ + fi^^^lj^ and consequently, D may be found uniquely with tracefree hori- 
zontal Faraday curvature. □ 

This generalizes the fact that a contact form (which corresponds to a section of 
TM/Ti.) defines a Reeb vector field complementary to the contact distribution. Note 
also that it is perhaps more natural to work with "horizontal" covariant derivatives 
in this context, i.e., covariant differentiation is only defined along directions in Tl. 
Then the condition on F^ can be ignored, and the bijection becomes affine. 

Much of the rest of the paper is concerned with the dual situation of one di- 
mensional subbundles of TM (the complementary subspaces arising above being 
an example). The integral manifolds of such a distribution define a foliation of M 
with one dimensional leaves. This will be viewed as an unparameterized version of 
a vector field by thinking of such a subbundle as an inclusion ^ : V — > TM of a real 
line bundle V, and hence as a "twisted" vector field. Sections of V correspond to 
vector fields tangent to the foliation. It is therefore natural to consider covariant 
derivatives on V, which will again be referred to as Weyl derivatives. I will also use 
the following terminology from relativity. 

1.5. Definition. A congruence on a manifold M is a nonvanishing section ^ of 
V^^TM for some oriented real line bundle V. It defines an oriented one dimensional 
subbundle of TM and hence a foliation with oriented one dimensional leaves. 



No use will be made of the orientation of V in this section. 
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1.6. Proposition. Let E be a vector bundle associated to the frame bundle of 
M with induced representation p of qI{TM). Then for a congruence ^, a Weyl 
derivative D {on V), and a section s of E, the formula 

p.~^C^^s + p{pr^Dp (g) 

is independent of the choice of a nonvanishing section /j, of V, and will be called the 
Weyl-Lie derivative s of s along ^. 

Proof. This follows from the fact that for any vector field X and function /, Cfxs = 
fCxs-p{df®X)s. □ 

Note that s is a section of V~^E. If D is exact, then trivializing V by a 
parallel section gives back the usual Lie derivative. The dependence of the Weyl- 
Lie derivative on D is clearly given by C^~^^ s = C^s + pi^j ® ^)s. In particular, for 
functions (p trivial), f = df{^), which is a section of independent of D. 

In order to compute the Weyl-Lie derivative, it is convenient to find a formula 
in terms of a torsion-free connection inducing covariant derivatives V on any asso- 
ciated bundle E. In the case of the usual Lie derivative, CkX = V rX — V xK for 
vector fields X, and so Cks = V ks — p{VK)s on sections of E. This readily yields 
the following generalization to Weyl-Lie derivatives: 

(1.1) Cfs = V^s-p{iD<E)V)^)s, 

where {D (8) V).^ denotes the twisted or tensor sum covariant derivative of as a 
section of V^^TM = TM. More generally D (8) V will denote the twisted 
covariant derivative on V~^E. Formula (1.1) immediately gives the following. 



1.7. Proposition. Let ^ be a congruence and D be a Weyl derivative {on V). 
Then the Weyl-Lie derivative may be computed in terms of an arbitrary torsion- 
free covariant derivative V as follows: 

• For a w-density p, p = V^p — ^{div^^'^ S^)p. 

• For a vector field X, CfX = V^X - {D (g) V)x^- 

• For a 1-form a, Cfa = V(.a + a{{D ^V)(,) = da{C, ■) + D{a{(,)). 

• For a k-form a, C^a = L^da + d^{i^a). 

Here div^®^ ^ denotes the trace of (DigDV)^, i.e., the divergence has been 
twisted by D on and V on L". 

The above treatment only deals with the Weyl-Lie derivative for zero and first 
order geometric objects (functions and sections of bundles associated to the first 
order frame bundle). It may be extended to differential operators (higher order 
geometric objects) using the product rule, but because the Weyl-Lie derivative of 
a section of E is not a section of E, the differential operators have to be twisted 
by D. Consequently, some natural differential operators may have nonzero Weyl- 
Lie derivative. In particular {C^ d)a = C^{da) — d^{C^a) = At^a, i.e., the 
Weyl-Lie derivative only commutes with exterior differentiation on functions in 
general. Similarly, for the Lie bracket, Cfl]{X,Y) = -F^{X,Y)^. Of course, 
this is compatible with the definition of d in terms of [, ] . 
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If V is any torsion-free covariant derivative then its Weyl-Lie derivative C^V = 
Cf oV - (D^V) o Cf evaluates to 

(1.2) {CfV)x = Rlx + {D(^V)x{{D(S)V)C) G V-iflKTM). 

This acts on an associated bundle E via the corresponding representation p of 
gl(TM). The vanishing of C^V defines a notion of invariance, along ^, of V on 

E. Also note that V^- Cf = p{{D^V)£,) is a kind of Higgs field. If the Higgs 
field vanishes, I will say V is horizontal, for reasons that will become clear later. 
In particular if V is invariant and horizontal on E, then p{Rjx) = 0- 

2. CONFORMAL GEOMETRY 

In the previous section, the term "Weyl derivative" was sometimes applied in a 
generalized sense, when the oriented real line bundle was not necessarily L^. Such 
a distinction disappears when one introduces a conformal structure. 

2.1. Definition. A conformal structure c on M is a metric on L^^TM. Since 
the densities of L^^TxM are canonically trivial, it makes sense to require that this 
metric is normalized in the sense that it has determinant one. 

This is precisely what is needed in order to identify any oriented one dimensional 
subbundle or quotient bundle of TM with L^. In particular if M is conformal and 
^ is a congruence, then there is a unique oriented isomorphism between V and 
such that ^ S C°°(M, L~^TM) is a weightless unit vector field. Thus a congruence 
will be viewed as an injective linear map ^ : — > TM and V will denote its image. 

A conformal structure may be viewed as a fibrewise inner product on TM with 
values in L^: compatible Riemannian metrics therefore correspond bijectively to 
length scales. As in the previous section, it is natural to replace length scales 
with Weyl derivatives. Denoting the conformal inner product of vector fields by 
{X, Y) £ C°°(M, L^), the Koszul formula for the Levi-Civita connection generalizes. 



2.2. The fundamental theorem of conformal geometry. |25] On a confor- 
mal manifold M there is an affine bijection between Weyl derivatives and torsion- 
free connections on TM preserving the conformal structure. More explicitly, the 
torsion-free connection on TM is determined by the Koszul formula 

2{DxY, Z) = Dx {Y, Z) + Dy {X, Z) - {X, Y) 

+ ([x,y],z)-([x,z],y)-([y,z],x). 

The corresponding linear map sends a 1-form 7 to the co{TM) -valued 1-form T 
defined byVx = h,X\ = 7(X)id + 7 A X, where {-f ^ X){Y) = -i{Y)X - {X,Y)-f . 

2.3. Remark. Here, and elsewhere, I freely identify a 1-form 7 with a vector field 
of weight —1 using the natural isomorphism jj: T*M — > L~'^TM given by the con- 
formal structure. More generally, vector fields of any weight are identified with 
1-forms of the same weight. Similarly a skew linear map J on TM (of any weight) 
corresponds to a 2-form J7j (of the same weight) via J{X) = '^(tx^j)', this identi- 
fies 7 A X with 7 A {X, .). It will sometimes, but not always, be helpful to maintain 
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a notational distinction between a skew endomorphism and the corresponding 2- 
form. The bracket |. , .| is part of an algebraic Lie bracket on TM®co{TM)®T*M, 
and the same notation will be used for the commutator bracket on co (TM). 

The curvature of D, as a CO (TM)-valued 2-form, decomposes as follows: 

(2.1) R^^y = W^^y - [r^(X),yl + [r^(y),Xl. 

Here W is the Weyl curvature of the conformal structure, an so (TAf )-valued 2-form, 
and r^ is a covector valued 1-form, the normalized Ricci tensor of D. 
If ^ is a congruence, then the Weyl-Lie derivative of D on reduces to 

(2.2) (>C^i^)iV = F''i^,X)f, + lDl(div^^^^e)M, 

where is the Weyl derivative used to define C^. Linearizing the Koszul formula 
gives a formula for the Weyl-Lie derivative on other bundles: 

{C^D)x = DxiC^c) + alt{DiC^c){X)) + {C^O'^'^Xj + l^AF^{X) + 

where is the Faraday curvature of D^: these terms come from the Weyl- 
Lie derivative of the Lie bracket. All the terms apart from the first belong the 
conformal Lie algebra co (TM). This reflects the fact that if jC^c = 0, the Weyl-Lie 
derivative preserves conformal subbimdlcs of natural vector bundles and so extends 
to any bundle associated to the conformal frame bundle. 

3. Conformal submersions 

3.1. Definition. Let tt: M ^ B he a smooth surjective map between conformal 
manifolds and let the horizontal bundle H be the orthogonal complement to the 
vertical bundle V of vr in TM. Then vr will be called a conformal submersion iff for 
all X G M, diTxl-^ is a nonzero conformal linear map. 

It is not at all necessary to restrict attention to submersions. The base could, for 
instance, be an orbifold, or be replaced altogether by the horizontal geometry of 
a foliation. However, since I am primarily interested in the local geometry, I shall 
usually take the base to be a manifold. A bundle H complementary to V is often 
called a (nonlinear) connection on vr: it is equivalently determined by a projection 
rj: TM — > V, the connection 1-form. 

3.2. Proposition. If it: M ^ B is a submersion onto a conformal manifold B, 
then conformal structures on M making tt into a conformal submersion correspond 
bijectively to triples {H,c^,w), where H is a connection on tt, is a conformal 
structure on the fibres, and w: 7r*L^^ = — > Ly is a (positive) isomorphism. 

Proof, dir: Ti ^ 7r*TB is certainly an isomorphism, so = 'k*L'^^ and the 
conformal structure on 7i is obtained by pullback. Combining this with gives an 
Ly valued inner product c = © w^c^, which in turn determines an isomorphism 
between Ly and Ltm such that c becomes a conformal structure on M. □ 
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The final ingredient w in this construction will be called a relative length scale, 
since it allows vertical and horizontal lengths to be compared. The freedom to vary 
w generalizes the so called "canonical variation" of a Riemannian submersion, in 
which the fibre metric is rescaled, while the base metric remains constant. 

A natural generalization of conformal submersions, following Gray is a con- 
formal almost product structure. On a conformal manifold M, this is a nontrivial 
orthogonal direct sum decomposition TM = V (B± Ti., i.e., V and TC are nontrivial 
subbundles of TM and are orthogonal complements with respect to the confor- 
mal structure. Although the roles of V and TC are interchangeable, I will call the 
corresponding tangent directions vertical and horizontal. 

Given any Weyl derivative D, observe that that the vertical component (D^Y)"^ 
for X,Y £ TC IS tensorial in Y and so defines a tensor in TC* TC* (8) V. I will 
write (D-^Y)^ = Jl^{X,Y) + ^0,y^(X,Y), where is symmetric and is skew, 
and extend these fundamental forms by zero to T*M <^ T*M <^ TM. Similarly 
the horizontal component {DfjV)^ for U,V £ V defines tensors Hy and ily in 
V* (g) V* W ^ T*M (g) T*M (g) TM. Since D is torsion-free, and 0^ are the 
Frobenius tensors of the distributions TC and V, which vanish iff the distributions 
are tangent to foliations. On the other hand, the fundamental forms and 11^? 
do depend on D and can be used to find a distinguished Weyl derivative D^. 

3.3. Proposition. Suppose M is conformal with a conformal almost product struc- 
ture TM = V ©_L TC. Then there is a unique Weyl derivative such that V and 
TC are minimal, in the sense that the fundamental forms, denoted 11^ and Hy, are 
tracefree. It may be computed from an arbitrary Weyl derivative D via the formula: 

^0 ^ trJ^ trig 
dim TC dim V 

Proof Observe that if Z) = D + 7 then (tr H^, U) = {trn^, U) + (dimW)7(C/) for 
all [/ E V, and similarly for Hv This shows that the formula for is independent 
of D. Substituting D = L»o shows that and are tracefree. □ 

I shall refer to as the minimal Weyl derivative of ^; this usage is consonant both 
with minimal submanifolds and minimal coupling. The minimal Weyl derivative 
need not be closed: I shall write for its Faraday curvature. Also I denote the 
minimal Weyl-Lie derivative along ^ by 

3.4. Remark. The curvature of on TM can be related to the curvatures of 
horizontal and vertical connections on TC and V. One defines a horizontal connection 
on TC by D'^Y = {D^Yf^ for X,Y £TC; similarly D^fjV = {D^VY for U,V £V. 
The (modified) curvature of is defined by 

R'i^yZ = D^dPz - dPd'^Z - D\^^ y^nZ - [[X, Y]^ , Z]^, 

where X,Y,Z G TC. The definition of is analogous, and O'Neill-type formu- 
lae H relating to R'^ and R^ follow directly as in 

Some of the properties of the minimal Weyl derivative may be elucidated by 
comparing it with partial Lie derivatives. If X is a horizontal vector field and U is 
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vertical, then [U, X]^ is tensorial in U, which defines a partial covariant derivative 
on Ti in vertical directions. This extends naturally to horizontal forms in At'T-L* and 
to densities in L^. One says a horizontal vector field, form, or density is invariant 
if its partial covariant derivative along V vanishes; if V is a tangent to the fibres of 
a submersion, this means the horizontal vector field, form, or density is basic. 

Similarly, there is a partial covariant derivative on V, A*^V* and Ly in hori- 
zontal directions. Since the conformal structure identifies with Ly, putting 
these together gives a Weyl derivative. In order to verify that this is the min- 
imal Weyl derivative defined above, introduce an arbitrary Weyl connection D 
so that [?7, X]^ = {DjjX)'^ + (D^X)^ and the second term is tensorial: since 
{DjjX, V) = —{X, DjjV) this tensor is essentially Hy -|- ^^2y. Therefore the vertical 
partial connections on induced by [U, X]^ and (DjjX)^ agree if and only if 
fcrHy = 0. Similarly the horizontal partial connections on Ly induced by [X, t/"]^ 
and (D-^U)'^ agree if and only if trU!^ = 0. 

According to this discussion, the following definition for densities is compatible 
with the identification of with and Ly. 

3.5. Definition. A density G C°°{M, L^) on a conformal manifold M with a 
conformal almost product structure {V,H) is invariant along V iff Dfjfi = for all 
vertical U, and invariant along Ti. iff D^/j, = for all horizontal X. 

I specialize now to the case that V is one dimensional and oriented. Then the 
positively oriented weightless unit vector field ^ spanning L^^V ^ L^^TM is a 
congruence and the minimal Weyl derivative is characterized by D^^ = and 
trD^^ = (note that (D*^^,^) = since ^ has unit length). The formula for 
computing reduces to D° = D - :^{div^ + •)• Also note that 

and Hy both vanish, so CI and 11° will denote the fundamental forms of H. 

3.6. Proposition. Let ^ be a congruence with minimal Weyl derivative and 
let D be an arbitrary Weyl derivative. 

(i) i£^c = symQ{D° Z))^ = symD^^ = 1°. 

(ii) is exact iff ^ = K/\K\ for some (nonvanishing) vector field K which is 
divergence-free with respect to the metric g = |Er|~^c. 

(iii) // is exact and C^c = then K is a conformal vector field, and hence is a 
Killing field of the metric g = \K\~'^c. 

Conversely if K is a nonvanishing conformal vector field then ^ = K/\K\ is a 
congruence with = and D^\K\ = 0. 

Proof. For the first part, note that for any vector fields X, Y, 
{Clc){X,Y) = Cl{X,Y) - {ClX,Y) - {X,ClY) 
= D^{X,Y)-^idiv'''^''mX,Y) 

- {D^X - {D^ ® D)xi, Y) - {X, D^Y - {D^ D)yO 
= {{D^ ® D)^^, Y) + {X, {D^ ® D)yO - f (div^°®^ i){X, Y). 
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This is 2(s7mo(D°(g)D)^)(X,y) = 2{symD'^^){X,Y), since D was arbitrary. If 
either X or y is parallel to ^, {sym D'^^){X,Y) vanishes automatically, because 
= = {D^^, ^). On the other hand, if X and Y are orthogonal to ^, it is equal 
to ^{^,D%Y + D^yX) = (C, 11° {X, Y)) . 

For the second and third parts, observe that an exact preserves a length scale 
jjL. Then K = jj,^ and is the Levi-Civita connection oi g = ^"^c. □ 

I shall now assume that the congruence ^ is tangent to the one dimensional fibres 
of a submersion over a manifold B; this is always true locally. A horizontal vector 
field, form or density is then basic if it is invariant in the sense above. The Weyl-Lie 
derivative provides an efficient way to characterize such basic objects. 

3.7. Proposition. Let ^ be a congruence with minimal Weyl derivative gen- 
erating a submersion of M over B. Then a horizontal vector field X is basic iff 
C^X = 0. Similarly a horizontal form a is basic iff C^a = 0. Finally a density ji 
is basic iff C^fi = 0. 

Proof. It suffices to check that C^X = is equivalent to [U, X] being vertical for 
all vertical U. If U = then away from the zero set of A, = D° + 7 for 
some 1-form 7 and so [U, X] = Cx^X = XCf^X = X£°^X + jiX)X^. Hence >C^X is 
vertical if and only if [U, X] is vertical for all vertical U. For the vertical component 
observe that {£,,C^X) = —C^c{$,,X) which vanishes by the previous Proposition. 
The result for forms follows from the product rule. 

For densities, jC'^/j, = D^fi, and this means fi is basic as a section of L^. □ 

The product rule means that other basic objects are characterized by vanishing 
Weyl-Lie derivative. For instance the submersion is conformal (i.e., the horizontal 
conformal structure is basic) iff C'^c = 0. 

Similarly a connection V on £^ (associated to the frame bundle, or the conformal 
frame bundle if >C°c = 0) is basic if it is horizontal and invariant with respect to 
In fact invariance suffices for the horizontal part of a connection V to descend 
to B, but the puUback connection is then V — .) p{{D'^ <X) V)^). 

The horizontal part of a Weyl derivative D on M is basic iff = C^D = F^{^, .) + 
^D^{div^''®^ i). UD is horizontal this reduces to F^(^, .). In particular itself 
is basic iff F^{^, .) = 0. If = 0, the only nonzero fundamental form is O = O^: 

(J^(X,y),e) = 2{D%Y,i) = -2(Z)°.C,F) = -(d°e)(^,>^)- 

Note that >C^(d°0 = i^^{<^fi = F°-^A {F°{^, .)) and so ft is basic iff ^ A = 0. 

Note also that the linearized Koszul formula with respect to the minimal Weyl 
derivative of a conformal submersion reduces to: 

(3.1) {ClD)^ = lClD^\xj + K AF°(X) + 

Hence invariance on does not imply invariance on other natural bundles. 
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4. The Jones-Tod correspondence 

Suppose that ^ is a congruence on an oriented conformal 4-manifold M defining a 
conformal submersion vr onto a manifold B. Let be tlie minimal Weyl derivative 
of ^, define oj = —{*d^^){S,, .) (which can be computed using any Weyl derivative 
D) and let D"^ = + ^uj and = D° + oj. 

4.1. Remarks. The definition of lo uses the natural extension of the star operator 
to 2-forms of any weight. The star operator on 1-forms (of any weight) is a 3- 
form of the same weight defined by L■^^*a = *{{X, .) A a) for any vector field X. In 
general the star operator on any manifold will be defined in terms of the orientation 
*1 so that a similar relation holds between the star operator, wedge product and 
interior multiplication, with no signs. As remarked in Q, this is more convenient 
in computations than the usual choice. Note that *^ = +1 in four dimensions, 
whereas *^ = — 1 in three dimensions. 

Since the star operator is an involution on 2-forms in four dimensions, h?T*M = 
K\T*M e Kl_T*M. The selfdual and antiselfdual parts of a 2-form are denoted 
F = Fj^ + A skew endomorphism J of TM may be identified with a weightless 
2-form Vtj £ L'^K^T*M ^ L'^A'^TM via Oj(X,y) = {JX,Y) and J is said to be 
selfdual or antiselfdual if ^Ij is. If J is antiselfdual, then Qj = tj A Jrj — *ri AJrj 
for any weightless unit 1-form rj. It follows that, for a 1-form a (of any weight), 
*a = Ja A ri j for any antiselfdual endomorphism J with = —id. Note that if F 
is a selfdual 2-form, then X A F{Y) - Y A F{X) is also selfdual. 

4.2. Proposition. {{D^ D^'^)£,, .) is a selfdual 2-form of weight —1. 
Proof. In terms of an arbitrary Weyl derivative D, 

z)° = z)-i(div^"«^e)c + ^(c^^°^^0(e,.) 
c. = -(*d^°«^e)(e,.) 

and so D^'^ = D- i(div^"«^ 0( + ^''^''OiC, •) " •)• 
Substituting D = D^"^ into this formula gives the result. □ 



4.3. Remark. This property clearly characterizes D^'^. One can characterize in 
a similar way by the vanishing of the trace of D^S^ and the selfduality of altD^^. 

4.4. Proposition. The Weyl derivative is basic iff has selfdual Faraday 
curvature. 

Proof. Since ti;(^) = 0, is basic iff F^{^,.) = 0, where F^ is the Faraday 

curvature of . Now = + u> and so 

F^(e, .) = F'i^, .) + d^i(, .) = F\t .) + Clu;. 

Writing to = -{*d°Oit •) = -*(^ Ad^O yields 

£0^ = -*(^ A 4d°e) = -*(C A F°) = -(*F°)(e, .). 
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So F^{(, .) = (F° - .). Since F° - *F° is antiselfdual, this contraction with 

^ vanishes iff = □ 

When has selfdual Faraday curvature, the conformal submersion is said to 
be selfdual. In this case is a basic Weyl derivative on = vr*L^ and the 
induced Weyl structure on B is sometimes cahed the Jones-Tod Weyl structure. 
It fohows from the Koszul formula that the induced Weyl connection on TB pulls 
back to the conformal connection on TC = tt*TB given by the horizontal part of 
the Weyl connection induced by on TM. The same observation holds for 
L-^n ^ TT*L]^^TB. 

Now observe that the map Qj ^ J^, is an isomorphism from L^A^r*M to L^^Ti 
with inverse X ^ ? A x - A x) G L-'^A?_TM ^ L?h?_T*M. If = -id then 
I J^l = 1 and so this isomorphism is an isometry up to a constant multiple (conven- 
tionally, = 2 when = -id). Also note that [Ji, J2K = -2*(C A Ji^ A J20- 

The action of co{TM) on antiselfdual endomorphisms is by commutator, and 
so only the antiselfdual part contributes, since selfdual and antiselfdual endomor- 
phisms commute. Therefore Proposition O shows that = D^'^J, i.e., D^'^ is 
horizontal on L^A?_r*M. The linearized Koszul formula may be used to show that 
if ^ is selfdual, then D^"^ is invariant on L?' h?_T*M . More precisely, 

Cp'^ ^ 1 ^0(^^ x)id + ie A F\X) - iX A F\i) + X)F\ 

which has selfdual skew part. Hence D""^ is basic on L^A^_T*M = tt*L]^^TB. The 
following Proposition identifies it with (which gives another proof of invariance) . 

4.5. Proposition. If J is an antiselfdual endomorphism, then for any horizontal 
vector field X, (L>|(J^))^ = {D'j^J)C- 

Proof Write x = so that J7j = ^ a x - *(C A x)- Then 

D'j^Qj = I^f'e A X + e A Di^x - *(^x e A X + e A Z)f x)- 

Now = + \uj = -\uj and so 

D';^i = \*{x ^i^uJ), 

D'xX = Dlx + \uj{x)X - i(x, X)i^. 

Therefore I?f ^ A x = -^(x, ^> *(^ A + \uj{x) *{i A X) 

and ^ A Z)f X = C A Z)|x + ^u;(x)e A X - l(x, X)^ A a; 

which gives ^ A DJ^X - *{F>x^ Ax) = A -D^X- 

Taking the antiselfdual part and contracting with ^ completes the proof. □ 

A generalized Jones- Tod correspondence follows readily from these observations, 
following an approach due to Gauduchon. Recall ||l3| that a Weyl connection is said 
to be Einstein- Weyl iff the symmetric traceless part of its Ricci tensor vanishes. 

4.6. Theorem I. Suppose (M, c) is an oriented conformal A-manifold and ^ is a 
selfdual conformal submersion over a manifold B. Then = -\-u! is Einstein- 
Weyl on B if and only if c is selfdual. 
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Proof. Since ^ is selfdual, descends to a Weyl connection on B. If tt*D^ 
denotes the puhback of to 'k*L^^TB = L^^TL then Proposition |4.5| imphes that 
D^'^^J = {-K* D^){J^) for any antiselfdual endomorphism J, and so |i?5^y, J]^ = 
(7r*i?^)jj^ y ( J^), where is the curvature of on B and X,Y are arbitrary 
vector fields. Here I have used the fact that D'^'^ is horizontal, and so D^'^J = 
C^J = {tt* D^)^{J^) by definition of pullback; horizontality and the definition of 
pullback likewise imply that [-Rxy'"^l ^^'^ {'^*^^)xYi'^0 vanish if X or 1" is 
vertical. (Recah that C^^D"^ = R'^^ + (-^° ® D"^)j^{D^ ® D"^)£,.) 

Let R"^'' : h?TM L'^K^TIM denote the antiselfdual part of R"^ and let 
^B,o. A^TS L\k^T*B denote the skew part of R^ . Then, omitting pullbacks, 
R'"^-{J)^ = -\*bR^'^{*bJ€), since R'"^-{i^X) = 0. The symmetric traceless 
part of J 1-^ i?*'^'"(J) is the antiselfdual Weyl tensor W and the symmetric trace- 
less part of X "-^ is the symmetric traceless Ricci tensor of , which 
proves the theorem. □ 

An explicit formula for the relationship between r'^'^ and will be useful later. 

4.7. Proposition. Suppose that ^ is a selfdual conformal submersion from a self- 
dual space M to an Einstein- Weyl space B . Then Fl'^ = j {F^ — *F^ ) and 

sym r"^ = ^ scal^{id - 2^ + i (%^^ C + C ® *bF^) ■ 

Proof Let X,Y be basic vector fields. Since {R^'^'' A X),^ AY) = 0, it follows 
that 

r'^^iX, Y) + r'\^, 0{X, Y) + A r'^^i^, .) A X A = 0. 

On the other hand, since {R"^{*C ^X),^ AY - *{C ^Y)) = JX), *^ JF), 

it follows that 

r"^{X,Y) -{trT_^r"^){X,Y) - *{C Ar"^{.,C) A X AY) 

= r^(X,y) - {trr^){X,Y) = -iF^(X,y) - i scai^(X, Y). 

The stated formulae follow easily from these. □ 

Note that F'^'^ = ^{F^ + F^) and so the formula for Fl'^ follows immediately from 
the fact that F° = 0. On the other hand F° and Ff are not basic in general. 

The form of the Jones- Tod construction stated in Theorem I gives a procedure 
for constructing Einstein- Weyl spaces from selfdual spaces. For the inverse con- 
struction, the following reformulation is useful. 

4.8. Proposition. Suppose that (M, c) is an oriented conformal 4-manifold, that 
^ is a conformal submersion over an Einstein- Weyl manifold B, and that = 
Tr*D^ —io, where is the Weyl derivative on and lo = —{*d^^){^, .) {computed 
using any Weyl derivative D). Then (M, c) is selfdual and ^ is selfdual. 

This follows immediately from Theorem I and Proposition 4.4: 7r*D^ — to has 
selfdual Faraday curvature since 7r*D^ is basic. Therefore, an inverse Jones- Tod 
construction will be obtained if the equation = it*D^ — u) can be interpreted 
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as an equation on B. In order to do this, recall from Proposition 3.2, that a 
conformal structure on a fibre bundle tt: M ^ B over a conformal manifold B 
is determined by a connection 1-form r/: TM V and a relative length scale 
w: TT*L^ — > V, where I have assumed the fibres are oriented and one dimensional 
so that Ly = V. Choosing a fibre coordinate t identifies M locally with i? x M, 
providing a trivialization of V and a fiat connection 1-form dt. In these terms 
r] = dt + Aior: A£ C°°(S x R,tt*T*B) and w G C°°(5 x M,7r*L^^). 

The inverse Jones- Tod construction can now be formulated as a nonlinear evo- 
lution equation on B. 

4.9. Proposition. Let (M, c) be a selfdual conformal A-manifold with a selfdual 
conformal submersion ^ over an Einstein- Weyl space {B,c^, D^). Then M ^ B 
is locally conformal to tt: B x M ^ B with conformal structure 

c = 7r*CB + w''^{dt + Af 

where ^^{D^ w + Aw - Aw) = dA + A ^ A, 

for w G C°°{B X M,L^^) and A G C°°{B x R,T*B). Here t is the fibre coordinate 
on B X M and w and A are viewed as a time- dependent density and 1-form on B, 
so that a dot denotes differentiation with respect to t, while D^w and dA are the 
derivatives on B. 

Conversely for any solution of these equations on an Einstein-Weyl space B, the 
conformal structure given by the above formula is selfdual, and n defines a selfdual 
conformal submersion over B. 

Proof. A conformal submersion certainly has the form given. The aim of the proof is 
to show that the given equations on B are equivalent to the fact that tt*D^ = D^-\-uj 
on i? X M. To do this, I will work in the (arbitrarily chosen) gauge g = w^c and 
rewrite the equation 7t*D^ = + uj = - ^{div^ 0? + (d'^OiC, •) - {*d'^0{C, •) 
using the fact that D^w = 0. 

In the chosen gauge, = dt + A and so 

wd^^ = d{w^) = dA-\- dt aA = w^, aA-\- dA-\- AaA. 
It follows that (d^Oit ■) = A and 

i*d^O{^,-) = *{C/\d30 = -*B{dA + AAA). 
Writing div^ in terms of *d^* readily yields ^ div^ ^ = w. Therefore: 
= D^w = {'K*D^)w - ww^ + Aw + *^{dA -\-AaA) 
= D^w + wdt - w{dt + A) + Aw + *BidA + AaA) 
= D^w - Aw -h Aw -h ^^{dA ^ AaA). 
This completes the proof and also shows that = — ^ A. □ 

4.10. Remarks. These equations may be viewed as Einstein-Weyl Bogomolny equa- 
tions for a diffeomorphism group: if the fibres are diffeomorphic to an oriented 
1-manifold T {S^ or R, assuming the fibres are connected), then M = P Xj^ig^j-^ T 
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where DifF (T) is the group of orientation preserving diffeomorphisms of T and P 
is the principal DiiF(T)-bundle whose fibre at x G i? consists of the orientation 
preserving diffeomorphisms T — > M^. Note that P and Diff(T) only enter into 
this formulation infinitesimally, so one can assume that M is an open subset of 
P XDiff{T) TT. Choosing a gauge, i.e., a (local) section of P, identifies M (locally) 
with B X T and the connection 1-form and relative length scale may be viewed as 
sections of L~^^ (g) Vect{T) and T*B Vect{T), where Vect(T) is the Lie algebra 
of vector fields on T. If t is a coordinate on T, then writing w = w{t) d/dt and 
A = A{t) d/dt shows that the equations of the above proposition are: 

*b{D^w+[A, w]) = := dA + ^[AAA] 

where [. , .] denotes the Lie bracket in Vect(T). 

The classical Jones- Tod construction arises by reduction to a one dimensional 
translational subgroup or M — this point of view will be further justified later by 
studying the other finite dimensional subgroups of Diff(T). 

The gauge freedom is of course the choice of t coordinate for these monopole 
equations. If i = f{t) for a function / on i? x T with / / then w{t) = w{t)/ f and 
A{t) = {A{t) + df)/ f . In the classical Jones- Tod correspondence there is a preferred 
gauge in which to work: the constant length gauge of the conformal vector field K 
{D^ = D^^^ is exact). Choosing a section t = of M over B makes it into a line 
bundle and M may be recovered from a linear differential equation on B: 

c = it*Cb + w''^{dt + Af 
where *BD^w = dA for w £ C°° {B , L]^^) . 

This equation for (w. A) is often called the (abelian) monopole equation. 

Now suppose that J is an antiselfdual almost complex structure on M which is 
invariant with respect to i.e., C^J = 0. Let Qj{X, Y) = {JX, Y) be the conformal 
Kahler form of J and D the unique Weyl derivative such that d^Qj = 0. Then it is 
well known that J is integrable if and only if D J = 0; D is then called the Kdhler- 
Weyl connection of J. U DJ = then {Cp)X = J{D^0D)j^C - {D^®D)jx^, 
and so J is invariant iff ^ is holomorphic in the sense that {D^ D)(^ is complex 
linear. The following generalizes a theorem of Q to conformal submersions. 

4.11. Theorem II. Let M be an oriented conformal A-manifold with a self dual 
conformal submersion ^ over a manifold B and suppose that J is an invariant 
antiselfdual almost complex structure on M. Let D = D^'^ — — tx for basic 
sections r and k of L~^ , where x = J^- Then DJ = iff D^x = '^{^d — X^ x) + 
h*qX on B. Hence J is integrable iff x 'is a shear- free geodesic congruence, in the 
sense that D^x has the above form. 

Proof. Since J is invariant, x is invariant, hence basic, since it is horizontal. Note 
that D.J = Dfj - r[C Ax,Jj= Dfj = = 0, so it remains to compute D^J 
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for horizontal vector fields X. Since VLj = /\x~ x) it follows that 

D^nj = DxCAx + ^/\ DxX - *iDxC A X + ^ A D^x), 
where A x = A x - A x 

and eADxX = ^AZ)fx-T^A(X-(x,X)x). 

Therefore 

e A D^X - A x) = C A Z)|x - A (X - (x, X)x) + k*{X A x)- 

Since the right hand side is a vertical 2-form, it follows that Dj^J = iff 

D^X - {D^X, = r{X - (x, X)x) + ^ix %X- 
To prove the final statement, suppose that J is invariant and integrable with 
Kahler-Weyl connection D. Then (D° » D)i = -Kid + \tJ + where 
is a selfdual 2-form and k, r are sections of L ^. It follows that 

(*d«°«^0(e,.) = -rx+(d^"^^o"(e,.). 

Therefore -D*'^ = D + + rx- It remains to check that k and r are basic. Since 
= and = it follows that {C^Dy^.J} =0. By the linearized Koszul 
formula, this implies C^D = ^F^{^) on and therefore 

Rf,x + ® (-K id + Ir J + i 

The identity and J components of this formula give D^k + ^F^{S^) = F^{S,) and 
D^T = p^(^) where p^{X, Y) is the Ricci form of D, defined to be the contraction 
of R^ Y with J. In particular D'^h = = D'^t. □ 

4.12. Remark, r and k are called the divergence and imsi of the congruence x- 

Assume now that W is selfdual. Then so are and (see e.g. [0]), and hence 
they are uniquely determined by their contractions with ^. It follows that (M, J) 
is locally hypercomplex iff D^t = iff r = or is exact and r is constant in 
this gauge. This implies that a hyperCR structure on the Einstein- Weyl quotient 
B induces a hypercomplex structure on M, generalizing a result of Gauduchon and 
Tod |ll| to conformal submersions. On the other hand, (M, J) is locally scalar-flat 
Kahler iff D^k + ^-F'^(C) = 0, so the presence of F^ obstructs a naive generalization 
of LeBrun's work []T7| to this context. This will be remedied in the next section. 

I next generalize a result of Mason and Tod, which was used by Tod [p2| to give 
a general description of selfdual Einstein metrics with a Killing vector field. 

4.13. Theorem III. Let {M,c, D'^^) be a selfdual Einstein- Weyl A-manif old and 
let ^ a selfdual conformal submersion with minimal Weyl derivative . Then M 
admits a canonical compatible Kdhler-Weyl structure on the open set where the 
antiselfdual part of (£>° 0""")^ is nonzero. 
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More precisely, if this antiselfdual part is tJ where = —id then J is integrahle, 
with Kdhler-Weyl connection D = D^^ — t^^D^t = D^^ + — D'^ , where D'^ is 
defined by D'^t = 0. 

Proof. It suffices to prove tliat DJ = 0. Observe first tliat {Dj^t)J + tD^J is 
the antiselfdual part of (L>° L>^"')^(L>o D^"")^ = - wliere R""" is 

the curvature of D^"'. Expanding the curvature and using the linearized Koszul 
formula to compute the Weyl-Lie derivative gives 

{D%t)J + tD'^^J 

= A X + ^F^'"{X) A e + n scaf"' ^ A X - D\ A X + ^ F°{X)] ~ 

= + 1^ scaf" C-D\- iFO(e)) AX]-, 

where [...]" denotes the antiselfdual part, k is minus the identity component of 
(g) Z)'^"')^, scaf^ is the scalar curvature of D'^'^ , F"^^ is the Faraday curvature 
of W^"^, and I have used the fact that and F^"^ are selfdual. The precise form 
of this expression is now not important: it suffices to observe that it is of the 
form [JaAX]^ for some 1-form a. Since *{JaAX) = —{a A JX + a{X)J), it 
follows that Ja AX — *(Ja A X) = |a A X, J] + a{X)J and the commutator term 
is orthogonal to J. Since D'^"' J is also orthogonal to J, D^t = a{X) and tD'j^J = 
{a AX,Jj = {D^T AX,Jj, i.e., J is parallel with respect to D""" - t'^D^t. □ 

The theorems of this section reduce to known results when is exact (i.e., ^ = 
K/\K\ for some conformal vector field K), but they have one disadvantage over the 
results they generalize. Namely, the abelian monopole equation on B arising in the 
classical Jones- Tod correspondence becomes a nonlinear evolution equation, which 
is much harder to solve. This difficulty has already been encountered in another 
special case of the above theorems: the case that M is the selfdual Einstein metric 



locally "filling in" B via Hitchin's version of LeBrun's W-space construction [13 
p^ . This beautiful construction of a selfdual Einstein metric from a real analytic 
conformal 3-manifold (which is taken to be Einstein- Weyl in Hitchin's construction) 
is defined twistorially, making it difficult to carry out in practice. 

Furthermore conformal submersions themselves are hard to find, because the 
equation for conformal submersions, unlike the conformal Killing equation, is non- 
linear. Hence, for the theorems of this section to be interesting, it is essential to find 
new situations in which the inverse construction can be carried out and examples 
can be found. This will be done in the next two sections. In the final section, a 
direct version of the Hitchin-LeBrun construction will be obtained. 



5. AfFINE CONFORMAL SUBMERSIONS 

An affine structure on a submersion vr : M — > is a flat torsion-free connection 
on each fibre. This identifies M, at least locally, with an affine bundle modelled 
on the vector bundle whose fibre at each point of B is the space of parallel vector 
fields on the corresponding fibre of M. For conformal submersions with oriented 
one dimensional fibres, the vertical bundle V of M is isomorphic to and so the 
vertical part of any Weyl derivative D defines an affine structure on M. 
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There are many choices of affine structure on M , but such a choice is only helpful 
if the conformal structure on M is afiine; that is, in terms of Proposition |3.2| , the 
nonlinear connection on M is an affine connection, and the relative length scale is 
affine along the fibres. If such a "good" affine structure can be found, I will say 
that vr is an affine conformal submersion. 

More precisely, a nonlinear connection 7i induces a linearized connection on the 
infinite dimensional vector space of vertical vector fields defined by T)xU = [X, [/], 
where ?7 is a vertical vector field, X is a vector field on B and X is its horizontal 
lift, so that [X, U] is vertical. 7i is affine iff the parallel vertical vector fields on 
each fibre are preserved by P; this then induces the linearized connection on the 
model vector bundle. Affine connections form an affine space modelled on 1-forms 
on B with values in the affine vector fields on V. Similarly, the relative length scale 
w: Tr*L^ ^ V is affine iff it maps basic densities to affine vector fields, in which 
case it may be viewed as a (— l)-density on B with values in the affine vector fields. 

The above approach and the next proposition arose from discussions with Paul 
Gauduchon in a joint effort to understand affine conformal submersions. 

5.1. Proposition. Let M be a conformal manifold and let ^ be a conformal sub- 
mersion over B with minimal Weyl derivative D^. Define an affine structure 
on tt: M —>^ B by the Weyl derivative D = + where \ is a section of . 

(i) The connection Ti on M ^ B is affine with respect to iff F^{£^) = 0. 

(ii) The relative length scale is affine with respect to iff A is basic. 

Hence the conformal submersion is affine if D^X = F^{(^). 

Proof. The D^-parallel vertical vector fields are defined by identifying V with 
using ^. Hence the linearized connection may be defined on /i G C°°(M, L^) by 

iVxfi)^ = [X, fiC] = D'^ifiO - f^DlX = {D%f,)C - n{D\i - DiX) 

= {D%f,)^ + ClX = iDj^f,)^ 

since X is invariant and D — is vertical. Hence TC is affine iff D^{Dj^fj,) = for 
all fi with D^fi = 0. Since [U,X] is vertical for U vertical, D^{D^fj.) = F^{C,X)ij, 
and so n is afiine iff F^(0 = 0. 

The relative length scale is section w of T^*Lf^ ® V. This is affine iff its vertical 
derivative with respect to the affine structure, as a section of vr*L^^ ®V*®V = 
7r*Lj^^, is basic. Identifying vr*L^ and V with identifies w with the identity 
map in L^^ but its vertical derivative must be computed with respect to the 
covariant derivative (g) D and so w is affine iff = D^{D^ D)^id = D^X. 

Now observe that F^{^) = F^{0 + d{XO{0 = + (D^X)^ - D^X. □ 

It follows from this that there is an obstruction to the existence of a good affine 
structure for a conformal submersion: since —F^X = d^{F^{^)) = C^F^, the Weyl- 
Lie derivative of F^ must be a multiple of F^. If a good affine structure exists, 
it is essentially unique: any two differ by a section /x of with D^n = which 
implies that the affine structures are equal or is exact and /i is constant. 
I now return to four dimensions and the Jones- Tod construction. 
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5.2. Theorem IV. Let (Af , c) be a selfdual conformal 4-manifold with a selfdual 
affine conformal submersion ir: M ^ B over an Einstein- Weyl space {B,c^, D^). 
Then with respect to an arbitrary affine coordinate t on M B, the conformal 
structure on M is 

c = tt*Cb + (twi + wo)"^(dt + tAi + ^o)^ 
where *qD^wi = dAi 

and *q{D^ wq + AiWq — AqWi) = dAo + Ai f\ Aq 

for some wq, wi e C°°(i?,L^^) and Aq,Ai G C°°{B,T*B). Conversely for any 
solution of these affine monopole equations on an Einstein-Weyl space B, the con- 
formal structure given by the above formula is selfdual, and the above decomposition 
defines a selfdual affine conformal submersion over B. 

Proof. An affine conformal submersion certainly has the form given. It remains to 
apply this Ansatz to the equations of Proposition |4.9| , by writing w = twi + wq and 
A = tAi + Aq. Now 

D^w + Aw - Aw = tD^wi + D^wq + wqAi - wiAq 
dA-\-AAA = tdAi + dAo + AiAAq 

and the linear and constant terms (in t) of these equations prove the result. □ 

5.3. Remarks. Note that = - wi^ + Ai and so = -d{wiC){0 = 
D^wi — (D^wi)^ = D^wi since wi is basic. Hence A = wi is the solution of 
D°A = the affine structure is 0^ = 0^ + wi. 

The freedom in the choice of affine coordinate t gives a gauge freedom for the 
affine monopole equations. If t = at + b for basic functions a,b, write wi = wi, 
wq = a^^{wo + bwi), Ai = Ai -\- a'^da and Aq = a~^{Ao + bAi + db). One 
immediately verifies, by substituting into the affine monopole equations, that (w. A) 
is a solution if (w, ^4) is. Note that tfj.g = tw~^ is a well defined section of up to 
translation by a basic section of L^: it may be fixed by choosing a section of M B. 
The induced exact Weyl derivative is D^'^o = - t'^dt = - t'^woS, + t'^Ao. 

The equations show that the affine Jones- Tod correspondence reduces to the 
classical case in two ways. Firstly the linear part of the affine monopole equation is 
an abelian monopole equation: if (wq, ^o) is zero, the affine bundle M is isomorphic 
to the model vector bundle. Secondly if the linear part {wi,Ai) vanishes, the 
translational part of the of the affine monopole equation is an abelian monopole 
equation: the model vector bundle is trivial, and so M is a principal R-bundle. On 
the other hand if the solution (wi, Ai) is nontrivial, then it gives a linearization of 
M, i.e., a selfdual space with an affine conformal submersion is affinely modelled 
on a selfdual space with a conformal vector field. 

This theorem gives a new method for constructing selfdual spaces from linear 
equations, since the second affine monopole equation is linear once a solution of the 
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first equation is chosen. In particular, this method gives all scalar-flat Kahler met- 
rics with a holomorphic selfdual conformal submersion including all hyperKahler 
metrics admitting such a submersion. 

5.4. Theorem V. Let{M,g) be a four dimensional scalar-flat Kdhler metric {with 
antiselfdual complex structure, so that (M, c) is selfdual) admitting a holomorphic 
selfdual conformal submersion. Then the conformal submersion is affine over an 
Einstein- Weyl space with a shear-free geodesic congruence X; where the linear part 
of the affine monopole is given by wi = —2k and k is the twist of the congruence 
X- All such metrics are locally of the form 

g = {p-2fi^ k)cb + — 1 , 

where p G C°°{B,Lf^), $ G C°^{B, L]^^T*B), is a section of increas- 
ing along the fibres, and r is the twist of the congruence x- Conversely, for any 
Einstein- Weyl space {cq,D^) and shear-free geodesic congruence x with twist k and 
divergence r, this metric is scalar-flat Kahler iff {p, ^) satisfy the linear differential 
equation 

*s{D^ P + 2txp + 2k<!>) = (i^$ + 2rxA$. 

Furthermore the metric is hyperKahler iff D^t = 0, i.e., iff t = or is exact 
and T is constant in this gauge. 

Proof. By Theorem II, = D'^'^ — i^C ~ "^X where D^x = T{id — X ® x) + % 
and furthermore, D^k + ^F'^(^) = 0, since F^^ = 0. Hence — 2k defines an 
affine structure on M making the submersion affine and wi = —2k. 

The analysis of shear-free geodesic congruences in shows that *^D^k = ^F^ — 
d{Tx), and hence, choosing any gauge p^, one can take Ai = —loq + 2rx- The 
translational part of the monopole equation is therefore: 

*b{D^wo - w^wo + 2rxwo + 2kAo) = dAo + {-uj^ + 2rx) A Aq. 

Now the Levi-Civita connection of the affine gauge is + wi^^ — Ai = — 2k^ — 
2rx + uj^, whereas the Levi-Civita connection of the /u^-gauge is — lo^. The 
barycentre of these is D^'^ — — rx, which is the Levi-Civita connection of the 
scalar-flat Kahler metric. This identifies g within the conformal class, and putting 
p = p'^wq, <I> = p^^Aq and p~[^ = tp~j^ completes the proof. □ 

When K = this is LeBrun's construction of scalar-fiat Kahler metrics with Killing 
fields [^]. On the other hand, when (wq, Aq) = 0, this theorem reduces to the con- 
struction of scalar-fiat Kahler metrics with homothetic vector fields ||^] , including, 
as a special case, the hyperKahler metrics of |11]. 



I end this section with some nontrivial examples. In |^], the following Einstein- 
Weyl structures were found from solutions of the SU(oo) Toda field equation. 

/ , \ / -r\ ,2 22 + /i + /i , 

gs = [z + h){z + h)gs2 + dz , ujb = -- — — — — -^dz, 

(z + h){z -\- h) 
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where /i is a holomorphic function on an open subset of S"^ and = + uj. 
Note that the weightless unit vector field dual to dz generates a shear-free geodesic 
congruence with vanishing twist (r 7^ 0,k = 0). These spaces also admit shear- 
free geodesic congruences with vanishing divergence (r = 0, k 7^ 0), i.e., they are 
hyperCR, and they are called the hyperCR-Toda spaces. 

Applying the classical Jones- Tod construction to these spaces gives conformal 
structures of the form c = vr*Cg + w~^(/? + v dz)'^, where (3 = dt + 9 for a 1-form 9 
on B orthogonal to dz, and *^D^w = dA with A = 9 + vdz. 

These conformal structures admit a compatible scalar-flat Kahler metric and 
also a compatible hypercomplex structure. The conformal vector field d/dt is a 
Killing field of the scalar-flat Kahler metric and triholomorphic with respect to the 
hypercomplex structure. 

For certain solutions of the abelian monopole equation, d/dz defines a conformal 
submersion. To see this, write c = eg +£1+^2 +^3 where and £3 are the weightless 
unit 1-forms corresponding to w dz and P+v dz. The weightless unit 1-form dual to 
d/dz is ^ = {weq + vE'ii/^/ w2 -I- v2 and so Eq + e| -^^ = {veq - we^^f /{w"^ + v^) = 
w^/3^/(w^ -|- v^). Hence if {3 and (w^ -|- v'^)\z + /ip are independent of z, then d/dz 
will define a conformal submersion with quotient (w^ + v^)|z + h\'^gg2 + 0^ . 

Now Ian Strachan has pointed out [0 that for any holomorphic function /, 



defines a solution of the monopole equation. Clearly (3 and (w^ + v'^)\z + h\^ are 
independent of z and so d/dz defines a conformal submersion. Explicitly, c has a 
compatible metric 

2 2 

(z + h z + h\ ,.^.0 „2\ r, .fz + h z + h\ 'l 

. = + ^ j W9s^ + ^ ) + r + <^ - ^ J ^. 

and so this submersion is obviously affine, with affine coordinate z. The quotient 
conformal 3-manifold B admits an Einstein- Weyl structure: 

These are the Einstein- Weyl spaces with geodesic symmetry described in Q. One 
easily checks that g is given by a solution of the affine monopole equations with 
wi = —2ks where Hs is the twist of the geodesic symmetry on B, i.e., dp = 2Ks*^f3. 
Hence these scalar-fiat Kahler metrics with compatible hypercomplex structures 
could have been constructed directly as selfdual affine conformal submersions over 
the Einstein- Weyl spaces with geodesic symmetry. When f = ah + b for a,b £M, 
these metrics are conformally Einstein [S] and will feature again in the final section. 



6. Projective conformal submersions 



A natural generalization of an affine conformal submersion is a projective con- 
formal submersion. A projective structure on a 1-manifold is a second order linear 
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differential operator from L^/^ to L~^/^ which has no first order term with re- 
spect to any Weyl derivative, and the same definition may be applied fibrewise 
to a congruence ^. Hence any Weyl derivative D induces a projective structure 
/X ^ D^iD^ii). Note that (D + 7)^((Z? + 7)^//) = {D^ - i7(0)(^«M + ^(Om) = 
D^{D^lx) + iL'^(7(^)) jj, — |(7(0)^ A*) verifying that the condition of vanishing first 
order term is independent of the Weyl derivative. 

A conformal submersion tt will be called projective iff there is a projective struc- 
ture on TT such that the connection % is projective and the relative length scale w 
takes values in the projective vector fields: recall that these are characterized as 
being quadratic in any projective coordinate. 

6.1. Remark. A curve in a conformal manifold, with weightless unit tangent ^ has 

a canonical projective structure given by {D^)"^ + ^r^(^, ^) + and is called 

a conformal geodesic if D^{D^^) + \D^^\'^$, — r^ {^) + r^ = 0; these expressions 
are independent of the Weyl derivative D. However, if ^ is a projective conformal 
submersion, there is no reason for the projective structure to equal the canonical 
one, nor will the fibres be conformal geodesies in general. 

6.2. Proposition. Let M be a conformal manifold and let be a conform,al sub- 
mersion over B with minimal Weyl derivative . Then the conformal submersion 
is projective with respect to the projective structure (D^)"^ + ^p, for a section p of 

L-\ iffD^p = ClF\0- 

Proof. Write the projective structure as {D^)"^ where = + A is a compatible 
affine structure, so that p = — ^A^. Then the connection TC is projective iff 
it maps L>^-parallel vertical vector fields to D^-affine vertical vector fields, i.e., iff 
D^p = =^ d^{D^{Dxp)) = for basic vector fields X. This condition reduces 
easily to (£0 - \){F^{i,X) - D\\) = 0. 

The relative length scale is projective iff = (L>° ® D)^{D'^X) = - A)(L'^A). 
Hence the conformal submersion is projective iff 

= (4 - A)(F°(0 - L>°A) 
= (4 - A)F°(0 - (4d°)A - L»°(4A) + AL>°A 

since C^D^ = -F°{^) on L'^. □ 

There is still an obstruction to solving this, since it implies — 2F°(^)p = 

6.3. Theorem VI. Let (M, c) be a selfdual conformal A-manifold with a self- 
dual projective conformal submersion ir: M ^ B over an Einstein- Weyl space 
{B,Cq,D^). Then with respect to an arbitrary projective coordinate t on M ^ B, 



SELFDUAL EINSTEIN METRICS AND CONFORMAL SUBMERSIONS 



25 



the conformal structure on M is 

c = ir*CB + (tVa + twi + wo)~'^{dt + t'^A2 + tAi + Aof, 
where *q [D^W2 + A2W1 — A1W2) = dA2 + A2f\Ai, 

%(iL>^wi + ^2Wo -yloW2) = \dAi + A2^AQ, 
and %(Z)^wo + j4iWo — j4oWi) = dA^ + AifxAQ, 

for some wq,wi,W2 G C°°{B,L]^^) and tIq , ^1 , ^2 e C°°{B,T*B). Conversely 
for any solution of these projective monopole equations on an Einstein- Weyl space 
B, the conformal structure given by the above formula is selfdual, and the above 
decomposition defines a selfdual projective conformal submersion over B. 

Proof. As in the proof of Theorem IV, this amounts to computing the equations of 



Proposition |4.9| , now with w = t^W2 + twi + wq and A = i^A2 + tAi + Aq. This 
leads to the quadratic expressions 

D^w + Aw - Aw = t^[D^W2 + A2W1 - A1W2) 

+ 2t{\D^wi + A2WQ - AqW2) + D^wo + Aiwo - AqWi 

dA + AaA = t'^{dA2 + ^2 A Ai) + 2t{^dAi +^2 A^o) + d^o + ^1 A^o 

and equating coefficients (in t) of the resulting equations completes the proof. □ 

Note that 0^ = 0^ + 2tw2 + wi and D^^'!> = 1)° + {tw2 - t^Vo)^ - tA2 + t~^AQ. 
The projective structure (D^)"^ + p is given by p = woW2 — jwf. 

The equations arising in this theorem may be identified as SL(2, M) Einstein- Weyl 
Bogomolny equations: writing 

\-W2 -\wi) \-A2 -\Ai 

yields an 61(2, M)-valued density and connection 1-form. The equations of the above 
Theorem now become + adA)w = := dA + A f\ A. 

7. TWISTOR THEORY OF CONFORMAL SUBMERSIONS 

The constructions discussed so far have a natural interpretation on the twistor 
space Z oi M. This is a complex manifold fibering over M whose fibres are the 
antiselfdual complex structures on each tangent space of M (see |l|, |2|). The an- 
tipodal map on each fibre defines a real structure (antiholomorphic involution) a 
on Z, so the fibres of Z are real, i.e., cr-invariant. Each fibre Zx has normal bun- 
dle iV(^) ^ 0(1) © 0(1) and so the fibres are precisely the real lines amongst the 
"twistor lines", which are the holomorphic deformations of a typical fibre. Hence 
real holomorphic sections of N^^^ over Zx are constant as maps from Zx to TxM. 

Each Weyl derivative D induces a connection on ttz'- Z ^ M and hence a pro- 
jection : TZ VZ onto the vertical bundle of Z. Under a change of Weyl de- 
rivative, v^+^{U) = v^{U) + [7 A d^z{U), J\ for U £ TjZ. If K is any vector field 
on M and J € Zx, then the commutator \DK — ^Ckc, J] is a skew endomorphism 
of TxM anticommuting with J (since Ckc = 2 symg DK) and hence an element of 
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VjZ = Tj{Z^). The lift oi K to Z defined by v^{K^) = [DK - \Ckc, J] is 
easily seen to be independent of the choice of D, and is a holomorphic vector field 
iff ii' is a conformal vector field, in which case v^{K^) = {DK, J] (see [|^]). This 
generalizes to congruences. 

7.1. Proposition. Congruences ^ on M {up to a sign) are in bijective correspon- 
dence with complex line subbundles ofTZ which are a -invariant and transverse 
to the real twistor lines. 

is a holomorphic subbundle of TZ iff is a selfdual conformal submersion. 
The holomorphic structure on this line bundle corresponds, under the Ward corre- 
spondence, to the minimal Weyl derivative . 

Sketch proof. Given ^, let be the complex span of those vectors U in TjZ with 
d-K^{U) = and v^{U) = fj,l{D° (g) D)(, - ^£^0, J] for some element fi of L^^^^ 

(recall that ^£^c = symQ{D^ ^ D)S,). This line subbundle of TZ naturally 
isomorphic to 7r*L^(giC and is clearly transverse to the real twistor lines. Conversely, 
a cj-invariant complex line subbundle transverse to a real twistor line Zx must 
be degree and the real sections define a congruence ^ up to sign, and identify 
with 7r*L^ (g) C. 

By the Ward correspondence, a 0-operator on corresponds to a Weyl deriv- 
ative on M, and holomorphic if is selfdual If so, the inclusion of 
L« into TZ may be viewed as a section of the holomorphic bundle (L^) ^ 53 TZ 
and one finds that ^'^ is holomorphic iff C^c = 0. □ 

This gives a twistorial explanation for the theorems of section ^ 

1. The distribution on Z given by a selfdual conformal submersion ^ integrates 
a holomorphic foliation with one dimensional leaves. Since is trivial on each 
twistor line, the twistor lines map to rational curves (called "minitwistor lines") 
with normal bundle 0(2) in the (local) quotient space S, which is the "minitwistor 
space" that gives rise to the Einstein- Weyl structure on M/^ []l3| . 

2. The condition that ^ is holomorphic with respect to an antiselfdual complex 
structure J is simply the condition that the image of J (as a section of Z) is a union 
of leaves of the foliation determined by ^. This divisor V in Z therefore descends to 
a divisor C in the minitwistor space, which in turn determines a shear-free geodesic 
congruence Q. The correspondence between hypercomplex and hyperCR spaces 
follows from the fact that [T> — T>] is trivial if [C — C] is trivial: if so this gives a map 
from S to CP^ and hence from Z to CP^. On the other hand, the correspondence 
between scalar-flat Kahler metrics and Toda Einstein- Weyl spaces has a more subtle 
generalization because the canonical bundle Kz is no longer the pullback of Ks 
and so [D — T)]K^^'^ is not the pullback of [C — C]Kg^'^ . 

3. Compatible Einstein- Weyl structures D on selfdual conformal manifolds are Ein- 
stein or locally hypercomplex |^, ^ and correspond to holomorphic rank two dis- 
tributions = kevv^ on Z. The twisted 1-form 9 £ H^{Z,{L'^)-^K~'^^'^T*Z) 
defining can be contracted with E H^{Z, {L^Y^TZ) to give e{i^), a holo- 
morphic section of {L^)^^{L^)^^K^^^'^ , which has degree two on each twistor line. 
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If this section is not identically zero, then the corresponding divisor gives rise to a 
complex structure. On the other hand, if the section is identically zero, then is 
a subbundle of and so {{D^ D)^, J] = for all antiselfdual almost complex 
structures J. 

The affine and projective cases may also be interpreted twistorially: the holo- 
morphic bundle Z — > 5 is an affine or projective line bundle. Such bundles 
arise as afhne subspaces or projectivizations of rank two vector bundles trivial 
on minitwistor lines. Since these correspond to Einstein- Weyl monopoles via a 



generalized Hitchin-Ward correspondence |14], it is no surprise that the equations 
are affine and projective monopole equations. 

When the Einstein- Weyl structure is Einstein with nonzero scalar curvature, 
is a contact distribution, whereas when it is locally hypercomplex, is 
integrable. Therefore, if the skew symmetric part of {D^ D)^ is selfdual (i.e., if 
is a subbundle of H^), I will say that ^ is Legendrian or triholomorphic in the 
case that the scalar curvature is nonzero or zero respectively. 

In the Legendrian case, the leaves of the foliation of Z given by ^ are Legendrian 
curves in a contact manifold. Let S be the (local) quotient and let Z^^^ be the 
leaf corresponding to a point y G 5. Then at each point J of Z^y\ the contact 
distribution projects onto a one dimensional subbundle oiTyS, giving a holomorphic 
map of complex curves from Z^^^ to P{TyS). This map cannot be constant, as 
the contact distribution is non-integrable, so it is locally an isomorphism. By 
its very definition, this isomorphism identifies the contact distribution on Z with 
the canonical contact distribution on P{TS) = P{T*S), where a line in TyS is 
identified with its annihilator in T*S. Therefore, Z can be locally identified (in 
a neighbourhood of any twistor line) with the projectivized cotangent bundle of 
S. This is Hitchin's construction of the selfdual Einstein metric (with nonzero 
scalar curvature) "filling in" a 3-dimensional Einstein- Weyl space LeBrun [16| 



has given such a construction for any real analytic conformal 3-manifold B, and 
Hitchin observes that the choice of a compatible Einstein- Weyl structure on B (if 
one exists) equips the selfdual Einstein metric with a conformal submersion onto B. 
The discussion here characterizes the conformal submersions arising in this way. 

7.2. Theorem VII. Let M be a selfdual Einstein manifold with nonzero scalar 
curvature. Then M arises from Hitchin's construction iff it admits a Legendrian 
selfdual conformal submersion. 

The scalar curvature is usually taken to be negative: it is in such a real slice that 
the original conformal 3-manifold appears as a conformal infinity. 

When the Einstein- Weyl space is hyperCR, its minitwistor space fibres over CP^ 
and the vertical bundle of this fibration is transverse to the minitwistor lines. This 
line subbundle of TS defines a section X of P(TS) which does not intersect the lifted 
minitwistor lines, and hence does not intersect nearby twistor lines. On removing 
this section P(TS) \ X{S) is an affine bundle over S (and is still a twistor space). 
Hence one can expect to carry out the Hitchin-LeBrun construction explicitly in 
this case, using the affine monopole equations. 
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1/2 

In general, P{TS) = P{Kg TS) is at least a projective line bundle, and so, 

1/2 

corresponding to Kg TS, which is trivial on minitwistor lines and has trivial 
determinant, there should be a canonical solution of the SL(2,]R) Einstein- Weyl 
Bogomolny equations on any Einstein- Weyl space, yielding a general formula for 
the Hitchin-LeBrun construction on any Einstein- Weyl space. In the final section 
I shall find this canonical solution directly. 

8. Einstein- Weyl structures and conformal submersions 

If 5 is a Riemannian metric and D = + w is Einstein- Weyl, then it is well 
known that — a; is Einstein- Weyl if and only if uj is dual, with respect to g, to 
a conformal vector field. If uj is also divergence- free with respect to g, i.e., g is a 
Gauduchon gauge for D, then uj is dual to a Killing field of g. (See e.g. |, |, |2| 
for more information on Einstein- Weyl geometry.) 

8.1. Proposition. Suppose that (M, c) is a conformal manifold and {D^,D^) are 
compatible Einstein-Weyl structures on M. Define a 1-form 9 := ^{D'^ — D~) and 
a Weyl derivative D := ^(-D^ + -D ) {the barycentre) so that = D ± 0. Then 
on the open set where 9 is nonvanishing, ^ = 9/\0\ is a conformal submersion with 
minimal Weyl derivative = 2D — D'^' = D — \9\~^D\9\. 

(Here -D'^' is the exact Weyl derivative defined by D'^'I^I = 0. Since \9\ is a section 
of L-i, this means that Z)l^l =D + \9\'^D\9\.) 

Proof. The standard formula for the dependence of the (normalized) Ricci tensor 
on the Weyl derivative gives 

r^^ =r^ D9 + 9(S)9 - ^\9\'^id 

and hence D9 = ^{r^ — r^ ). Since D^ are both Einstein-Weyl, symQD9 = 
and so one can write D9 = a id + F where o" is a section of L^^ and -F is a skew 
endomorphism of weight —2. Direct calculations give 

D° = D -\9\'\aC- F{C)) 

D\o\=D + \9\-H<rC-FiO). 
One now readily checks that ^ is a conformal submersion. □ 

The following diagram in the affine space of Weyl derivatives summarizes this 
Proposition, where 7 = \9\-^D\9\ = \9\-^{aS, - F(^)). 



7 



D- 

In particular D^ is exact iff D is exact. This holds, for instance if D"^ are both 
Levi-Civita derivatives of Einstein metrics. 
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I now specialize to four dimensions and Einstein- Weyl structures with selfdual 
Faraday curvature. On a selfdual conformal 4- manifold, Einstein- Weyl structures 
necessarily have selfdual Faraday curvature 1^] and are either Einstein or locally 
hypercomplex pl[|. 



8.2. Theorem VIII. Let D be Einstein- Weyl structures whose Faraday curva- 
tures are selfdual. Then, with the notation of the previous proposition, ^ is a 
selfdual conformal submersion, and also alt{D^ ® D'^do-sd^^ selfdual. 

Proof. Since F^ and F^ are both selfdual, so is F^ , and hence so is F'^, since 
DI^I is exact. This means that ^ is a selfdual conformal submersion. Furthermore 
F is selfdual, since it is equal to \{F^ — F^ ). Consequently uj = —2\9\~^F{^) 
and so L> = D"^ -^\9\-^a^. Therefore both differ from D"^ by a vertical 1-form, 
and so the antiselfdual part of {D^ ^ D^)^ vanishes. □ 

In the language of the previous section, the final condition of ^ means that ^ is Leg- 
endrian if is the Levi-Civita derivative of an Einstein metric, and triholomorphic 
if D"^ is the Obata derivative of a hypercomplex structure. 

Another picture in the affine space of Weyl derivatives may be helpful. 




When both Einstein- Weyl structures are (locally) hypercomplex a = and so 
= D'^I and the Einstein- Weyl structure on B is Einstein. Indeed, since the 
Einstein- Weyl quotient B admits two hyperCR structures, it must be the round 3- 
sphere metric [^]. Such bi-hypercomplex structures in four dimensions have been 
studied already by Apostolov and Gauduchon [private communication] and they 
have an elegant construction of the conformal submersion that arises in this case, 
which I shall briefly describe. 

If the hypercomplex structures corresponding to and D~ are (/j*", 12,1^) and 
(I]~,I^,/3 ), then since both give oriented orthonormal frames for L'^h?_T*M, they 
are related by an S0(3)-valued function: = AijIJ . Applying D to this equation 
gives dAij{X)IJ = —2l6 A X, AijljJ, which implies, after some manipulations, that 
dAij{X) = — AikE jktO{Ii X) . In particular, dAij{^) = so this map to S0(3) factors 
through the conformal submersion ^. To see that the map to S0(3) actually is the 
conformal submersion ^, one computes dAij{X)dAij{X) = 2(|0p|Xp — 6{X)'^). 

Conversely, by Theorem II, any selfdual conformal submersion over the round 
3-sphere metric is bi-triholomorphic with respect to a bi-hypercomplex structure. 
The generalized monopole equations of Proposition O in the gauge w = \0\= 



reduce to *qAw = dA + A/\A, which have been obtained independently by Belgun 
and Moroianu. 
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9. Selfdual Einstein metrics and hypercomplex structures 



In this section I study selfdual conformal 4-manifolds M admitting a compati- 
ble Einstein metric with nonzero scalar curvature and a compatible hypercomplex 
structure. All such structures are obtained by applying the Hitchin-LeBrun con- 
struction to a hyperCR Einstein- Weyl space B and the Einstein metric will be found 
explicitly in terms of the Einstein- Weyl structure on B and a special solution of 
the affine monopole equations. 

The work of the previous section shows that if = D — 6 is the Levi-Civita 
derivative of the Einstein metric and D^^ = D + 9 is the Obata derivative of the 
hypercomplex structure, then ^ = 6/\6\ is a Legendrian triholomorphic selfdual 
conformal submersion. The main goal in this section is to add one more adjective 
to this list and prove that the submersion is affine. 

To do this, a section wi of must be found with D^wi = F^{^)\ wi is then 
linear part of the affine monopole w and the affine structure is given by + wi . 

9.1. Proposition. Write D'^^ = D"'^ - k^. Then D^{2k) = F^{i). 

Proof. First recall that k is basic, i.e., D^k = 0. Now and D^^ are gauge 
equivalent, since and D'^I are both exact. This implies that 

which proves the proposition since F^{^) = 0. □ 



This shows that the linear part of the affine monopole is twice the k monopole 
of the hyperCR space B = M/^, and so it satisfies *^D^(2k) = ^ @]. Fix 
a gauge on B so that the Einstein- Weyl structure is given by a metric and a 
1-form uj^. Then wi = 2k and one can take Ai = uj^- In order to fix the affine 
gauge on M note that o" is a nonzero constant multiple of the scalar curvature of g 
and so D^a = since g is Einstein. In particular a is nonvanishing by assumption. 



9.2. Proposition. Define D^f = + 2k^. Then of {a-'^\e\) 
an affine section of with respect to the affine structure. 



-2 so a-^\e 



is 



Proof. Observe that {D^ 



2d){a-'^\e\) = 0, i.e., 'I 
^1 - 2\9\-^a£,. Hence 0"^ {a 



^1 = Z)0 



26 and so D^^ = 
-2^. □ 



One more diagram in the affine space of Weyl derivatives may again clarify the 
situation, where the Weyl derivative D with D(^\6\~^) = 2^ has been introduced for 
completeness. 




SELFDUAL EINSTEIN METRICS AND CONFORMAL SUBMERSIONS 



31 



It follows from the above proposition that the affine coordinate t can be taken 
to be a multiple of and so is a multiple of t~^{dt + tAi + ^o)- 

Now note that = D\^\ - 2\e\-^ai and so -2d{\e\-^ai) = , Aq = and 
= —^{t~^dt + Ljg). The remaining gauge freedom can be fixed by taking 

Wo = 

Certainly (1 + 2tfj,^n,tuj^) is a solution of the affine monopole equations on 
a hyperCR Einstein- Weyl space, yielding a selfdual space with a hypercomplex 
structure by Theorem II. The Einstein gauge is the barycentre of the |^|~^ gauge 
and the gauge (both of which have been identified in terms of the affine 

structure) and one easily checks that this encodes the Einstein equation, since D'-^^ 
is Einstein- Weyl and symg D6 = 0. Hence, writing fit = tf^B^ following theorem 
is obtained. 

9.3. Theorem IX. Let {c^, D^) be a 3- dimensional hyper CR Einstein- Weyl space 
with twist K. Then the metric 

g=\{{l+ 2f,tK)7r*CB + (1 + 2fitK)-\D^ fit)^) 

on it: M B is selfdual Einstein with nonzero scalar curvature and admits a 
compatible hypercomplex structure, where is a section of increasing along the 
fibres. Any selfdual Einstein metric with a compatible hypercomplex structure arises 
in this way. 

Note that arises as a conformal infinity at fit = 0. 

Explicit selfdual Einstein metrics can be found by applying this construction to 
explicit hyperCR Einstein- Weyl spaces. To the best of my knowledge, the known 
examples are the Einstein- Weyl spaces with geodesic symmetry, and the hyperCR- 
Toda spaces. In the former case note that the twist of the hyperCR structure is 
minus the twist of the geodesic symmetry and so the examples of section |5.2| (with 



h = f) are reobtained |^ — these are the Pedersen metrics |2C] when h is constant. 

On the other hand, the hyperCR- Toda spaces yield new selfdual Einstein metrics 
with compatible hypercomplex structures and no continuous symmetries: 



^{H{ \z + h\'^gs2 + dz^) + H-\dt + tcoB?) 



^ i{h-h)t 2z + h + h ^ 

where H = 1 + —5-, uj^ = \ rr^dz 

\z + h\^ " \z + /i|2 

and h is holomorphic on an open subset of S"^. 

HyperCR Einstein- Weyl spaces are not well understood: the results of this sec- 
tion perhaps provide motivation for further investigations. Alternatively, one may 
study hypercomplex selfdual Einstein 4-manifolds directly. Along these lines Apos- 
tolov and Gauduchon have investigated compatible selfdual complex structures and 
obtained a nice characterization of the Pedersen metrics. 

10. The Hitchin-LeBrun construction 



There is an interesting gauge transformation one can apply to the metric of 
Theorem IX: on replacing by the new projective coordinate /ut/(l — //jk), the 
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metric becomes: 

.2,2\*^ I /i . ,2 ,2\-^ ( r\B , , , ,.2j^B 



9 = — (1 - ^^K")vr*C5 + (1 - iiiK^) {D^f,t + titD'^K 

Now on a hyperCR Einstein- Weyl space, D^k = —^*bF^ and = ^ scal^ 
(see so this form of the metric makes sense for any Einstein- Weyl space. 

In this final section, I prove the following theorem. 

10.1. Theorem X. Let {c^,D^) be an arbitrary "i- dimensional Einstein- Weyl 
structure with Faraday curvature and scalar curvature scafi . Then 

g={l- i/i?scai^);,-2vr*CB + (l - ^fiUcalT^f^^'D'' - yt^BF^'f 

is a selfdual Einstein metric of nonzero scalar curvature, with a Legendrian selfdual 
conformal submersion over B. Here fit is a section of increasing along the fibres 
of the conformal submersion tt: M ^ B and the conformal structure is the 
conformal infinity at fit = 0. Any such selfdual Einstein metric arises in this way. 

Strictly speaking, the above metric is only positive definite for fff scal^ < 1 and 
in this region the scalar curvature is negative. For /i^ scal^ > 1 the negation of the 
above metric is positive definite and has positive scalar curvature. 

Note that the Einstein metric can be written in a gauge /ig by writing fit = 
= /i-2c^ and = D^^ + w^. Then 

5 = ^((1 - giV|scai^)5B + (1 - iiV|scai^)"'(dt + tc^B - ^iVB^i^"")' 

The theorem is proven using the projective monopole equations. The conformal 
structure is determined by a canonical SL(2,]R) monopole on © . In a 
gauge /ig, the Higgs field and connection 1-form are given by: 



2'^B 



ifi^scal'' ; ' \Ii^b*bF'' 

The connection is therefore + *^F^ , with *qF^ acting from to L^^^^, 

while the Higgs field is 1 + scai^ in L"^ © (Hom(Lg^/^ L^^^) © Hom(L^/^ L^^^^)) . 
The Einstein- Weyl Bogomolny equations are: 

^F^ = ^di^B^ 
D^{fi^^)+iVj,fi^^ = ^. 

Since D^fi^ = u}b1^b ^"^^ = du!^, the only nontrivial equation is the first one, 
which reduces to scafi = -^*^d^*^F^ = F^ , where 5^ is the twisted 
exterior divergence. This equation is satisfied automatically: it is the differential 
Bianchi identity for the Weyl connection in Einstein- Weyl geometry |10, 

It follows from Theorem VI that the metric g is selfdual with a selfdual projective 
conformal submersion. It remains, therefore, to prove that g is Einstein and ^ is 
Legendrian. To do this, observe that the Levi-Civita derivative of g is the barycentre 



SELFDUAL EINSTEIN METRICS AND CONFORMAL SUBMERSIONS 33 

of the Levi-Civita derivatives of fit and tw^^. Simple calculations show that these 
are given by 

- fiT'D^'fit = - (1 - i;u? sca]«)/i,-^e - k^^t*BF'' 

and - t'^dt = D° - {1 + \f4 scai^)//^"^^ + ^fit*BF^- 

Hence = D^'^— fj,^^^^ (which will give the Legendrian property) and consequently, 

r9 = r^'^ + D^if,^') C + ® + f^T'iC ® e - hid), 

where I have written D""^ = ® ® D""^ on T*M = L'^ (gi L'^ (gi TM. This 
simplifies to give 



Finally substituting from Proposition 4.7 yields symr^ = ^(iscal^— /i^ '^)id, and 



so g is Einstein, with scalar curvature — 12;U^^(1 — ^ scal^ /x^). This completes the 
proof of Theorem X. 

Examples arising from hyperCR Einstein- Weyl spaces have already been dis- 
cussed. One source of further examples are the Ward-Toda spaces [|^, ^ 

_ 2VpVr,d7] + {V^-V^^)dp 

where V is an axially symmetric harmonic function: {pVp)p + pVrjn = 0. These 
spaces admit a symmetry generated by d/dip and hence so will their Hitchin-LeBrun 
metrics. Already in these examples, the Faraday and scalar curvatures are quite 
formidable, so these Einstein metrics are not at all simple. Nevertheless, they can 
be made completely explicit, and will undoubtedly repay further study. 
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